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Abstract
The purpose of this note is to introduce a class of compacta, called movable in the sense of n-
shape. We investigate its properties and relation to n-movability. Also, we give a negative solution to
a question of A. Chigogidze concerning a characterization of hereditarily n-shape equivalences.
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1. Introduction and preliminaries
The notion of movability is one of the fundamental concepts of the theory of shape [3].
Recently Chigogidze [5] developed the theory of n-shapes and the purpose of this paper is
to introduce the concept of movability in the sense of n-shape.
The theory of n-shapes is a variation on the classical shape theory, closely connected
with the recently created and rapidly developing theory of Menger manifolds [1,6]. To a
large extent it is analogous to the usual shape theory, although there is also a fundamental
difference in character between them. For example, whereas the shape classification of
ANR-shapes coincides with their homotopy classification, in the theory of n-shapes the
(n+1)-dimensional sphere is indistinguishable from a point. Also, A. Chigogidze obtained
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an analogue of the famous Chapman complement theorem in the theory of n-shapes. His
result characterizes the n-shape by the topological type of the complement in the Menger
Spaces [5].
In [7] the second author also studied the notion of pointed movable in the sense of
n-shape spaces.
All spaces considered in this paper are metric compacta and all maps are continuous.
Definition 1.1 [6]. Let n  0. A map f :X → Y between compact spaces is said to be
n-invertible if for any mapping α :Z → Y of an arbitrary compact space Z of dimension
at most n into Y , there exists a mapping β :Z → X from Z into X, such that f ◦ β = α.
Definition 1.2 [5]. Let n 0. Two maps f,g :X → Y are said to be n-homotopic (notation:
f
n g) if, for any map h :B → X from an arbitrary compactum B , of dimension at most
n, into Y , the compositions f h and gh are homotopic in the usual sense.
Theorem 1.3 [6]. Let Q be the Hilbert cube. There is a map fk :Mk → Q having the
following properties:
(1) The map fk is k-invertible;
(2) The preimages of LCk−1 ∩ Ck−1-compacta under the map fk are homeomorphic to
Mk .
Lemma 1.4 [5]. The maps f,g :X → Y are n-homotopic if and only if there exists a
compactum B of dimension at most n, and a n-invertible map h :B → X such that the
compositions fh and gh are homotopic.
Definition 1.5 [3,9]. Let X = {Xk,pk} be an ANR-sequence. A compactum X = lim← X
is said to be n-movable provided every k ∈ N admits a k′  k such that for any k′′  k, for
any P with dimP  n, and any map h :P → Xk′ , there exists a map r :P → Xk′′ satisfying
pk
′′
k r  pk
′
k h.
2. Movability of compacta in the sense of n-shape
Definition 2.1. A compactum X lying in the Hilbert cube Q is said to be movable in the
sense of n-shape if for every neighborhood U of X in Q, there is a neighborhood V of X
in Q such that for every neighborhood W of X in Q there is a map g :V → W such that
g
n idv in U .
Definition 2.2. Let X = {Xk,pk} be an ANR-sequence. A compactum X = lim← X is said
to be movable in the sense of n-shape provided every k ∈ N admits a k′  k such that each
k′′  k admits a map rk′k′′ :Xk′ → Xk′′ which satisfies pk′′k rk
′k′′ n pk′k .
The proof that Definitions 2.1 and 2.2 are equivalent is analogous to the proof of
Theorem 3 in [10].
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Theorem 2.3. If X is movable in the sense of n-shape and n-shY  n-shX, then Y is
movable in the sense of n-shape. In particular, if n-shX = n-shY and X is movable in the
sense of n-shape, then so is Y .
Proof. The proof of this theorem is analogous to the proof of Theorem 1 in [10]. 
Proposition 2.4. Every ANR-compactum X is movable in the sense of n-shape.
Proof. Proposition 2.4 follows from Definition 2.2. 
Proposition 2.5. Every UV n-compactum X is movable in the sense of n-shape.
Proof. In [5] was shown that n-shX = n-sh∗. Then by Proposition 2.4 and Theorem 2.3
follows that X is movable in the sense of n-shape. 
Proposition 2.6.
(a) Every movable compactum is movable in the sense of n-shape.
(b) Every movable in the sense of n-shape compactum is n-movable.
Proof. (a) It follows from the fact that homotopy implies n-homotopy.
(b) If X is movable in the sense of n-shape then every k ∈ N admits a k′  k such that
each k′′  k admits a map rk′k′′ :Xk′ → Xk′′ which satisfies pk′′k rk
′k′′ n pk′k . Then for every




k′k′′h  pk′k h.
Take r = rk′k′′h :Z → Xk′′ , thus pk′′k r  pk
′
k h.
This implies that X is n-movable. 
Example 2.7. Every LCn-compactum X of dimension at most (n + 1) is movable. By
Proposition 2.6 we obtain that X is movable in the sense of n-shape.
Remark 2.8. The compactum of Kahn [2,8] is a movable in the sense of n-shape
compactum but is not movable.
The compactum of Kahn is a UV n-compactum. By Proposition 2.6 it is movable in the
sense of n-shape but it was showed in [2] that it is not movable.
Now we are ready to show that the notion of n-movability is different from the notion
of movability in the sense of n-shape.
Example 2.9. There is an inverse sequence of polyhedra that it is 1-movable, but it is not
movable in the sense of 1-shape.
Proof. Let Xn = S1 ∪fn D2, n 1, where fn : ∂D2 → S1 is given by zpn , for p a prime
number. Now we construct the maps pnn−1 :Xn → Xn−1, n 2. Define pnn−1 :Xn → Xn−1
on S1 as the indentity map.
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Consider the map ∂D2 z
pn→ S1 id→ S1 ↪→ X . This map is trivial because f n−1 is trivialn−1
in Xn−1. So we can extend the identity map and get pnn−1 :Xn → Xn−1.
In this way we have constructed and inverse sequence of polyhedra {Xn,pn+1n ,N}.
This sequence is 1-movable. Indeed, for every n take the map r = id :X(1)n+1 → Xn+m.
Then pn+mn ◦ r  pn+1n |X(1)n+1.
Now we show that the inverse sequence is not movable in the sense of 1-shape.
Suppose that it is movable in the sense of 1-shape. This means that for any (n− r) there
exists an integer n > n − r such that for all n + m > n there exists a map rnn+m :Xn →
Xn+m such that pn+mn−r ◦ rnn+m 1 pnn−r . This relation induces the following equality of
maps of fundamental groups: (pn+mn−r )∗ ◦ (rnn+m)∗ = (pnn−r )∗ :π1(Xn) → π1(Xn−r ). We
see that if 1 ∈ π1(Xn), then (rnn+m)∗(1) = α and since pnn−r |S1 = identity, we have that
(pn+mn−r )∗(1) = 1. On the other hand by the equality of maps above (pn+mn−r )∗(α) = 1. So
α = 1 + k · pn−r .
Now consider pn · α that is 0 in π1(Xn), then pn · α = pn + k · p2n−r = λ · pn+m .
Therefore, 1+k ·pn−r = λ ·pm . So, p divides 1, a contradiction. Thus the inverse sequence
is not movable in the sense of 1-shape. 
3. Cartesian product of movable in the sense of n-shape compacta
Lemma 3.1. If the map f :X → Y is a r-map, then n-shY  n-shX.
Proof. It is known [4], that if f :X → Y is a r-map, then shY  shX. Thus by
Corollary 2.16 [5] n-shY  n-shX. 
Theorem 3.2. The Cartesian product X =∏∞i=1 Xi is movable in the sense of n-shape if
and only if all spaces Xi are movable in the sense of n-shape.
Proof. Suppose that X is movable in the sense of n-shape. The space Xi is a retract of X,
then by Lemma 3.1 n-shXi  n-shX. Then we infer by Theorem 2.3 that Xi is movable in
the sense of n-shape.
Now consider that Xi is movable in the sense of n-shape for i = 1,2, . . . and that Xi is
a closed subset of Qi ≈ Q. Then X = X1 × X2 × · · · ⊂ Q1 ×Q2 × · · · ⊂ Q.
Let U be a neighborhood of X in Q. Then for every i = 1,2, . . . there exists a
neighborhood Ui of Xi in Qi and an index n0 such that U1 × U2 × · · · ⊂ U , Ui = Qi
for every i > n0. Since Xi is movable in the sense of n-shape, there exist a neighborhood
Vi of Xi , a compactum Bi with dimBi  n and a n-invertible map αi :Bi → Vi such
that for every neighborhood Wi of Xi there are a map ri :Vi → Wi and a homotopy
Gi :Bi × I → Ui such that Gi(xi,0)= αi(xi) and Gi(xi,1) = (ri ◦ αi)(xi) for every point
xi ∈ Bi .
Let V = V1 ×V2 × · · · , where Vi = Qi for every i > n0. Consider now a neighborhood
W of X in Q. We can select a neighborhood Wi of Xi so that W1 × W2 × · · · ⊂ W and
there is an index n1  n0 such that Wi = Qi for every i > n1. By Theorem 1.3 there exist
a compactum B with dimB  n and an n-invertible map α :B → V .
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Now consider the map pi ◦ α :B → Vi , where pi is the projection from V onto Vi .
Then by the n-invertibility of the map αi :Bi → Vi there exists a map hi :B → Bi such
that αi ◦ hi = pi ◦ α.
Setting
G(x, t) = [G1 ◦ (h1 × id)(x, t), . . . ,Gni (hn1 × id)(x, t),pn1+1 ◦ α(x), . . .
]
for every point x ∈ B and t ∈ I , we get a homotopy G :B × I → U such that G(x,0) =
α(x) and G(x,1) = (r ◦ α)(x), where r = V → W is a map from V into W given by
r = r1 × r2 × · · · × rn1 × id × · · · . Thus, we have shown that X is movable in the sense of
n-shape. 
Theorem 3.3. A compactum X lying in the Hilbert cube Q is n-movable if and only if for
every neighborhood U of X in Q there are a neighborhood V of X in Q, a compactum B
with dimB  n and an n-invertible map β :B → V such that for every neighborhood W
of X in Q there is a homotopy G :B × I → U such that G(x,0) = β(x) and G(x,1) ∈ W
for every x ∈ B .
Proof. By Theorem 1.3 we infer that there exist a compactum B with dimB  n and an
n-invertible map β :B → V from B onto V . Then the necessity follows from the definition
of n-movable spaces.
We now prove the sufficiency. Let U be a neighborhood of the compactum X. Take V as
in the statement of the theorem. Now let A be a compactum with dimA n and f :A → V
a map from A into V . Then by the n-invertibility of the map β :B → V there exists a map
h :A→ B such that f = β ◦ h.
Setting H = G ◦ (h × id) :A × I → U we get a homotopy such that H(x,0) = f (x)
and H(x,1) ∈ W . Thus we have shown that X is n-movable. 
The next theorem was proved by Bogatyi [2] and Kodama and Watanabe [9]. Using
Theorem 3.3 and the techniques of Theorem 3.2 we get another elementary proof of
Theorem 3.4. The Cartesian product X =∏∞i=1 Xi is n-movable if and only if all spaces
Xi are n-movable.
4. A question of Chigogidze
Chigogidze [5] proved the following characterization of hereditary n-shape equiva-
lences over an (n+ 1)-dimensional compactum:
Theorem 4.1. Let f :X → Y be a map and dimY  n + 1. Then the following are
equivalent:
(1) f is a UV n-map.
(2) f is a hereditary n-shape equivalence.
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He posed the question: Is dimY  n + 1 essential? The purpose of this section is to
provide a negative solution to Chigogidze’s question.
Example 4.2. There is a UV 2-map f :X → Y such that dim(Y ) = 4 and f is not a 2-shape
domination.
Proof. Consider S2 × S3 in the standard CW structure. It has one 0-cell, one 2-cell, one
3-cell, and one 5-cell. Since π3(S2 × S3) = Z ⊕ Z, π3(S2 ∨ S3) = Z ⊕ Z. Let H be the
generator of π3(S2) induced by the Hopf map (see [10]), and let I be the generator of
π3(S3) induced by the identity map. Create CW complex X from S2 ∨ S3 by attaching
a 4-cell along 2 · H − I . Let A = S3, and let f :X → Y = X/A be the quotient map.
Obviously, f is a UV 2-map. To prove that it is not a 2-shape domination, it suffices to
prove the following:
Claim. There is no map g :X/A → X so that g|S2 is homotopic to the inclusion S2 → X.
Proof. Notice that π3(X/A) = Z/2, π3(X) = Z, and inclusions S2 → X, S2 → X/A
induce epimorphisms of the third homotopy groups. Therefore existence of g would
produce an epimorphism from π3(X/A) onto π3(X), a contradiction. 
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